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Optimal Design of Structures with Constraints on

Natural Frequency
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A new method of solving infinite dimensional optimal design problems is presented in this
paper. The class of problems considered includes minimum weight design of structures
with constraints on strength and natural frequency. A steepesi-descent boundary-value
method is developed in detail for a three-member frame design problem and references are
given for a more general development. A computational algorithm is presented which imple-
ments this steepest-descent method. Convergence for this algorithm is better than for algo-
rithms that reduce the boundary-value problem to an initial-value problem by defining auxil-
liary variables and constraints. Results are presented which indicate the gains achieved by
using optimal, nonuniform elements in a structure rather than uniform elements.

Nomenclature

D
dP
E
Iy

differential operator

step size in computational algorithm

Young’s modulus of elasticity

minimum allowable moment of inertia at any point
along the frame

actual moment of inertia at any point s

definite integrals

cost function

independent variable along frame

corner points of frame

matrix transpose

cross-sectional area of member 7 at point s

weighting matrix

state variable (vector)

state variable obtained from dependent variable
transformation (vector)

smallest second moment of area of a cross-sectional
with the given geometry having area one

multiplier for terminal constraint function

superposition constant

superposition constant

superposition constant

variational operator

Lagrange multiplier

influence function

vector of adjoint variables

Lagrange multiplier

mass density of material

inequality constraint function

terminal constraint function

frequency of vibration
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Introduction

NGINEERS have been designing structures for centuries
with the objective of developing a structure for a par-
ticular application that performs a specified function under
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given load conditions and is best in some sense. In recent
years, aireraft and aerospace requirements have placed em-
phasis on design of structures for minimum weight. For a
review of the progress of optimal structural design through
1967 see Ref. 1.

The development of computational techniques using high-
speed digital computers has had a tremendous impact on
many fields. Structural analysis, particularly, has benefited
from these techniques. Efficient computational procedures,
however, have not been developed for optimal structural
design. Sheu and Prager! point out that because of the lack
of computational methods, only optimal design problems of
academic interest have been solved in the past.

This paper presents a direct computational method that
has proved effective in the design of structural elements.?
The method is quite general and is here applied to a three-
member frame design problem. Indications are that, with
refinement, the method may be used to solve large-scale,
real-world problems.

The method developed here is an iterative process. A
nonoptimal structure is first analyzed and as a result of the
analysis, an improved structure is obtained. The process
is repeated until no significant gains can be made. A perti-
nent feature of the method presented here is that it is im-
plemented by an explicit computational algorithm. This
method is very similar to steepest-ascent methods developed
by Kelley, Bryson, et al.>~5 in connection with aircraft
guidance problems. The method differs from the classical
steepest-ascent methods cited previously in that it makes
strong use of the boundary value as opposed to initial-value
nature of the problem. The general theory of the method is
given in Ref. 6. Here, a computational algorithm will be de-
rived only for the problem being treated. The specific prob-
lem treated in this paper is the design of a portal frame for
minimum weight with restrictions on natural frequency and
strength. A method of steepest-descent is developed in de-
tail -for this problem, using the boundary-value nature of
the equations of vibration. The derivation presented here
illustrates all the theory required for more general problems.

A collection of numerical cases for the portal frame problem
are run and the results reported. The percent saving of
material achieved by utilizing the optimum frame rather
than a frame with uniform members is significant. Limited
experience indicates that the more complex the structure,
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the greater the weight saving by using the optimal structure
rather than a structure composed of uniform elements.

The authors feel that the principal contribution of this
paper to the optimal design literature is the constructive
method presented. Steepest-descent methods utilizing the
boundary-value nature of the structural analysis problem
appear to be very effective. In particular, if the designer is
capable of analyzing a structure, then he has the tools re-
quired to begin optimal design.

Formulation of the Problem

The design problem treated here may be stated as follows:
find the distribution of material along the members of the
portal frame in Fig. 1 such that the second moment of the
cross-sectional area at each point is no less than a given con-
stant, the natural frequency of the frame is no less than a
given level, and the frame is as light in weight as possible. If
the second moment of the cross-sectional area u.(s) is I«(s), ¢
= 1,2,3, and the lowest allowed natural frequency is w, then
this problem may be stated mathematically as

minimize J = j‘oﬂ w(s)ds + f: us(s)ds + f;s us(s)ds (1)
subject to the conditions

bi(s,w) =T, — 1i(s) < 0,7=123,0<Ls< s (2
and

natural frequency > w 3)

where J is volume of the material in the frame. The ma-
terial is taken to have constant density, so minimum weight
is equivalent to minimum volume.

The constraint Eq. (2) is interpreted as a strength con-
straint. That is, the frame is to be subjected to loads that
require that Eq. (2) hold. This constraint could be stated
more realistically in terms of given loads and the associated
stresses without theoretical difficulties. The algebra, how-
ever, would be messy. For a discussion of other constraints
see Ref. 2.

The constraint Eq. (3) is imposed so as to prevent resonance
problems due to excitation of the structure. For example,
an automatic weapon attached to a helicopter frame will
cause large amplitude oscillation to occur if the weapon
fires at a rate that excites the airframe in its fundamental
mode. Analogous problems occur with instruments, engines,
ete. that are attached to flexible structures.

In order to complete the statement of the problem some-
thing must be said about how I(s) is related to wi(s). In
the problem treated here, the basic geometry of the cross
sections is chosen. 1t could be square, circular, annular,
wide flange, angle, etc. This basic shape is maintained but
all dimensions of the cross section are allowed to vary along
the length of the members with the same ratio. The ratio
varies with s and hence determines the tapering of the
members. It is shown in Ref. 2, p. 57 that in this case

Ii(s) = aus?(s), i = 1,2,3 4

The factor « is the smallest second moment of area of a cross
section with the given geometry having area one.

The frequency constraint Eq. (3) is treated by a two step
procedure. If the natural frequency of a frame with I;(s) =
Iy, 7 = 1,2,3 is greater than w, then this is the optimal frame
since an addition of material anywhere will increase I(s)
at that point, which will at least not decrease the natural
frequency of the frame. If on the other hand, the natural
frequency of the frame with I,(s) = I, 2 = 1,2,3 is less than
w, it will be required that the natural frequency of the optimal
frame equal w. This is the only case that requires analysis so
it will be considered through the remainder of the paper.
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Fig.1 Portal frame.

In order to relate natural frequency to the design variables
u:(s), the vibratory motion of the frame must be treated.
The displacement functions y; are, in the case where resonance
oceurs

yi(s,t) = yi(s) sinwt, 7 = 1,2,3 (5)

Here, y:(s) is defined only on the interval (s;—,s;). The
differential equations for the mode shapes are then

(@*/ds?){ Eaus®(s) [dy(s)/ds?]} = pwui(s)y(s), 1 = 1,2,3 (6)

where E is Young’s modulus and p is the density of the ma-
terial from which the frame is construeted. It will be ob-
served that Eq. (6) is the general form of the elastic beam
equation.

The boundary conditions on y;(s) are

deflections:
11(0) = y2(81) = yalse) = wslss) = 0 (7a)
Yils) = —yslse) (7b)
slopes:
1n'0) = ys'(ss) = 0‘ (7e)
yi'(s0) = w'(s1) (7d)
Ya'(82) = us'(s2) (7e)
moments:
EQU12<81):I/1”(81) = Eau22(81)y2”(81) (7f)
Eau22(82)y2”(82) = Eau32(382)y3.”(82) (7g)
shear
—ap [ [ wtdds | o) = & 1Bam(sm” ] +

& [Bond(ou’ () (7h)
where primes denote (d/ds). Equation (7h) is obtained from
Newton’s equation of motion of the horizontal member.

The boundary conditions (7) and differential equations
(6) are homogeneous, so the solution is specified only to
within an arbitrary constant. For mathematical convenience
in obtaining a unique eigenfunction, one additional non-
homogeneous boundary condition may be added. In the
present problem, let

Eou?y"(0) = const (8)

where the constant can be whatever magnitude the designer
desires. The value of the constant determines the magnitude
of oscillations of the frame. Note that Egs. (7) and (8)
together comprise thirteen boundary conditions, so for just
any u:(s), 1 = 1,2,3, one should not expect a solution of the
system Eqgs. (6-8) to exist.
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For convenience in later development, it will be advan-
tageous to put Eqgs. (6) in first-order form. This is done by

defining new variables z;(s), 2 = 1, ..., 12 as
2 =1 (9a)
=y’ (9b)
= Eou %" (9¢)
zs = —(Baun")’ (9d)
= (9e)
26 = 2 (9f)
21 = Eoauty,” 9g)
= —(Eauy”)’ (9h)
2 = Y3 (91)
z0 = ys' 95
zu = FEousys” (9k)
ze = — (Bausyy")’ )

In & more compact notation, 2 = [z, . .., 2]7 and u =
lus,u0,us]? are column vectors called the state variable and
the design variable, respectively. With these definitions, the
differential equations (6) are replaced by the first-order
system

—zd = pwtnz
-2 =z
’ y 0<s< s (10a)
22’ = [(1/Eau12)]23
2 =2

2:(s), 1 = 1,2,3,4 are only defined in s, < s < &

—2zs' = pwiuss
—2 =z
R 5 <8< s (10b)
2z = |(1/Eou?) lzr
2’5' = Z¢

2:(8), 1 = 5,6,7,8 are only defined in s; < s < s
——212’ = pw2u3.29

T’ = <s< (10¢)
8 8 S, C
ad = [(V/Eau?)leu| ~ — =

29’ = 21

2:(s), 1 = 9,10,11,12 are only defined in s; < s < 5.

The arrangement of equations in Eqs. (10) is chosen so
that the system of equations is self-adjoint?

For purposes of manipulation, the set of twelve dlffer—
ential equations (10) may be put into a more compact nota-
tion. Namely

Dz =0 11
where D is the differential operator
D, 0 0

D=1]0 D; 0
0 0 D31 12x12
and the D; are the operators
—pwu; 0 0 —d/ds
D, - 0 0 —d/ds —1 12)
0 d/ds —(/Eau?) 0
d/ds -1 0 0 Jaxs
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Note that the operator D depends on the design variable u.
The boundary conditions, Eqgs. (7) and (8), in the notation
of Eq. (9), are

21(0) = 2z5(s1) = 2z5(82) = 2s(s3) = 0, 2(0) = 0 (13a)
a1(s) = —2s(s2), 2a(s1) = ze(s1) (13b)
z6(s2) = 210(se), 2:(0) = const (13¢)
zs(s1) = 21(s1), z1(s2) = 2u(se) (13d)

w?p [j:z ug(s)ds:] z1(s) = 24(sy) + 210(s0) (13¢)
and
Y = zuls) =0 (14)

The boundary conditions are separated into Egs. (13) and
(14) for computational reasons. It is possible, for a given
choice of design variable u;(s), 7 = 1,2,3 to integrate the homo-
geneous differential equations (10) with boundary conditions
Eq. (13) to obtain a nonzero solution. A superposition scheme
deseribed in Appendix A is used for this purpose since the
problem is linear® The condition Eq. (14) will probably not
be satisfied, so adjustments which are to be made in the u;(s)
will be required to reduce the error in satisfying Eq. (14).

Method of Steepest Descent

The method used to solve this optimal design problem will
be iterative in nature. An engineering estimate will first be
made of the best distribution of material in the structure, say
u%(s). The associated state variable, determined by Egs.
(11) and (13), is denoted 2°(s). A small change &u(s) in
u°(s) will then be determined which reduces J and satisfies
the constraints of the problem. The design variable ul(s) =
u%(s) + ou(s), will then be taken as an improved estimate of
the optimal structure and the process will be repeated. The
purpose of this section is to develop a method for determining
du(s).

If du(s) is small, then the functions involved in the optimal
design problem may be approximated by first-order Taylor
expansions. The small change du(s) in u%(s) also causes a
small change 62(s) in 2°(s). 'This change in the state variable
must satisfy the equation

Déz + (0/0u)(Dz%du = 0 (15)

where the operator D is defined in Eq. (12} and the matrix
caleulus notation

0Q/0w = [0Q:/ow; k! (16)

is used where @ = [Qi(w), . . ., Qx(w)]7 is a vector function
of the vector variable w = |w;, ..., w;]?.

To illustrate the use of this notation, the matrix (0/dw)
(D2% is

T —puw?® 0 0 E
0 0
223°/E o3 0 0
0 0 0
5 8 —pwzs® 0
A 0 — 0 0
ou (D=*) 0 22:°/ E cus® 0 (17)
0 0 0
0 0 — pw?2y®
0 0 , 0
0 0 22110/E(¥’MS3
L 0 0 0 4
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Since 2%(s) is required to satisfy Eq. (13), 62(s), which is the
change in 2°%(s) caused by du(s), must satisfy
02:(0) = 625(0) = 823(0) = bz5(s1) = Oes(s0) =
529(83) =0 (18&)

dz1(s1) = —d2e(s2) (18b)
Bza(sy) = 025(s1) (18¢)
826(s2) = Oz10(s2) (18d)
dz3(s1) = dz(s1) (18e)
dzr(ss) = Ozu(se) (18f)

w?p l:fsj 6u2(s)ds:] 21%s1) + w?p I:f:uz(s)ds:l Sz(s) =
dz4(s1) + O21a(se)  (18g)

Changes in the functions of interest in this problem are ap-
proximated by

o7 = [Mouis + [ Touds + [ Coutoas (19)
3 = —2a(s)0ux(s), § = 1,2,3 (20)

and
8y = 8210°(s3) 1)

The iterative algorithm that is to be used to solve the
optimal design problem can now be outlined in greater detail.
The primary objective in choosing a du(s) is to reduce J as
much as possible. That is, minimize (maximize the negative
of) 8J. The constraints, Eqs. (2) and (14), however, must
be considered in choosing du(s).- Constraint Kq. (2) will be
treated initially by requiring that ¢; remain zero at each
point where it is zero before the iteration begins.

The constraint Eq. (14) will be treated by first checking
¢ after the boundary-value problem, Eqgs. (10-13), has been
solved with u(s) = u%s). If ¥ = 210°(ss) = 0, then a change
in ¢ that will reduce the error will be required. This change
is

3y = — Bz’(s3) (22)

where 8, 0 < 8 < 1, is chosen by the optimizer. The reason
for making 8 small, particularly at first when ¢ is large, is
that the predicted change in ¢ is based on a first-order
approximation of 8¢. If large changes are required, this
approximation may be poor.

The problem of determining du(s) to minimize 8J of Eq.
(19) subject to Eqs. (20) and (22) is now almost a standard
problem of the calculus of variations. The difficulty, of
course, is that Eq. (22) is not given explicitly in terms of
Su(s). It is clear that 82i(s;) depends on du(s) through
the boundary-value problem Eqs. (15-18). The dependence
of 6z10(ss) on du(s) can be determined explicitly using a basic
adjoint relationship from differential equations {Ref. 7, p.
182). This relationship may be verified by performing
integration by parts. It is

']:) T INTDOz — 82TDN}ds = (— Mdzs — hodes +

)\3522 + )\45,21)

;‘ + (—Nsdes — Neb2r + Mobzs + (23)

)\3525)‘: 4 (—Nob2e — Aolzn + Mubzio + )\12529) Z

This is an identity that holds for continuously differentiable
vector funetion A(s) = [N(s), ..., Au(s)]7.
Eliminating all known and related dz:(s;) from Eq. (23)
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by using Eq. (18)

fo " INTDSz — 82TDA)ds + Ni(s0)z(s) w?o f " bur(s)ds =

)\1(0)524(0) ‘]" [)\3(8]) —_ )\7(81) ]626(81> +
Ne(81) — Nals1) 1622(s1) + Ns(s1)028(s1) — Ns(s2)025(s2) —

D) + M) = wiohi(s) [ rdslozts) + (29

D\'I(SZ) - >\11(82) ]5210(82) + >\11(33)5210(5'3) +
[Mo(s2) — Ne(s2)10211(82) — Aio(83)0211(85) +
D\9(82) + >\1(81)]5212(82) — No(83)0212(83)

If Au(ss) is chosen as one and the remaining coefficients
of the 6z:(s;) appearing in Eq. (24) are chosen to be zero,
then the right side of Eq. (24) is 6¢. In order to eliminate
dependence of the left side of Eq. (24) on §z(s), choose that
A(s) that satisfies

Dr=0,0<s< s (25)

where \i(s), ¢ = 1,2,3,4 are only defined for s < s < sy,
Ai(s), ¢ = 5,6,7,8 are only defined for s; < s < s, and Ni(s),
1 = 9,10,11,12 are only defined in s, < s < s3. Using this
differential equation for A(s) and the boundary conditions
described above, a solution for A(s) may be obtained. These
boundary conditions are

M) =0 (264)
Ns(s) — Na(s) = 0 (26b)
Ne(s)) — Ne(sp) = 0O {(26¢)

Ns(s)) = 0 (26d)

As(s2) = 0 (26e)

M) + Nea(so) — w?pha(s) f Cun(s)ds = 0 (260)
N(ss) — Aufsz) =0 (26g)

Milss) = 1 (26h)
Ao(s2) — Ne(s2) = 0 (261)

Aio(ss) = 0 (267)
No(s2) + M(s1) = 0 (26k)

No(s3) = 0 (261)

Substituting from Eqs. (25) and (26) into Eq. (24)
f CINIDBads + M(s)als)wp f " bus(s)ds = S2io(s)

Substituting from Eqs. (15) and (21) into this equation
in order to eliminate dependence on 6z(s)

_ 88 \b
5y f T (s)du(s)ds @7
where
IMs)3x1 =
a T
- [%Ta—&(Dz‘)):l for0 <s< s and & < s < 83
) r 0
— [)\T‘ (Dz“)] 4+ MlsDzi(sDwpl 1 ), forsi < s < sy
au 0
(28)

Note now that 6y is given explicitly in terms of du once
A(s) and z°(s) have been determined. The problem of de-
termining &u is now of the form of a problem of the calculus
of variations. Before stating this problem, it should be
noted that du(s) was required to be small throughout all the
foregoing analysis. In order to insure that this is the case,
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it is required that
dP? = f 0“ SuT(s) W (s)Su(s)ds (29)

where dP is small and W (s) is a weighting mafrix that may
be chosen to adjust the importance associated with each of
the components of du(s). Both of these quantities are to be
chosen by the optimizer.

The nature of the inequality constraints of Eq. (2) may be
used to advantage here. If some ¢:(s,u®) = [p — a(u’(s))? =
0 at some point, then in the next iteration 8¢:; = 0 is required.
But, since ¢:(s,u®) depends only on the component u.°(s) of
u%(s), then 8¢p;(s,u®) = 0 is equivalent to du;(s) = 0. This
requirement may be reflected in the linearized constraints of
the problem directly. Using this idea, the simplified problem
is to find 6u(s) that minimizes

oJ = ﬁ) " AT (s)du(s)ds (30)
subject to
f oSSA‘”(S)M(S)dS = —B21"(s3) (31)
and Eq. (29), where
Hig) O 0
A7(s) = ‘: 0 H(g) O :'V(S) (32)
3X1 0 0 Hidy)

[1:0;0]7 il’l 0 S $ S 81
177(s) = {[0,1,0],ins; < s < 8¢
3%1 {0,0,1].in s, < 5 < 83

H(¢y) 0 0
A¥(s) :[ 0 H(g) 0 :|l"(s) (33)
%1 0 0 H(gy

and

1,¢:<0
0, otherwise

H(¢z’) = {

In order to find du(s), adjoin the constraints to 6J using
Lagrange multipliers to obtain

8J = j‘o * [ATT()0u(s) -+ vA¥T(s)du(s) + O0uT(s) W (s)duls)lds

where » and # are undetermined multipliers. As shown in
any calculus of variations text it is necessary that 6%/ =
6(6J) = 0 for all 62u(s). That is

J = fo " [ATT(s) 4 pAP(s) 1 208uT(s)W(s) 10%u(s)ds = O
Therefore, it is necessary that the integrand be zero for all
8, SO

du(s) = —(1/200W(s)[A’(s) + »A¥(s)] (39)

The multipliers v and 6 are found by substituting éu(s)
from Eq. (34) into Eqgs. (31) and (29), respectively. The
solution is

v = [20B21°(ss) — Tysl/Iyy
20 = {[Lss — Iys?)/1yy/[dP? — [Ben(ss) 12/ yy ]}

and

- dP? — [B210°(s5) 12/ Iy 1/2.
duls) = { Irs — 1ys*/lyy }
0 35
W) [ 4460 = 2 s | - B0 yrigavg

where

Ls = [ AW 60 0)ds (36)
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L= [ AV @WH9as(5)ds ()

L = [ A OW A s (39)
Note that the numerator of the fraction under the one
half power in Eq. (35) could be negative if B8z,0%(s;) is too
large. This possibility occurs because the requested im-
provement, Bz,°(ss), in this error, requires. a larger dP.
When this occurs, the usual remedy is to simply reduce 8
which essentially requests less improvement in the error.

The iterative procedure for solving the optimal design prob-
lem is to estimate the optimum design as u°(s). A correction
du(s) is then computed according to Eq. (35) and w'(s) = u(s)
+ u(s) is then an improved estimate of the optimum design.
The new estimate then replaces u°(s) and the process is
repeated to obtain still another improvement.

For the first few iterations, the primary effort of the process
is devoted to reducing the terminal error toward zero. Once
this error is near zero, more effort is directed toward decreas-
ing J. If, in order to ignore constraint error corrections, one
puts 8 = 0 in Eq. (35) then substitution of the resulting ex-
pression for du(s) into Eq. (30) yields

8J = —dPls; — I/ Iy, 112

Therefore, the quantity [[7r — Iys%/Iyy}? may be thought
of as the rate of change of J with respect to a fictitious vari-
able P. At the optimum, this rate of change, or gradient
should be zero. This gradient is a convenient parameter
to monitor as a check on convergence. For more discussion
on interpretation of quantities appearing in this development,
see Refs. 2 and 4-6.

The foregoing discussion may now be summarized in the
form of a computational algorithm.

Computational Algorithm

Step 1. Make an engineering estimate u%(s) of the opti-
mum design that satisfies Eq. (2).

Table 1 Optimal u; and u; for aluminum

Optimal design variable u(s) at
different stations along the first
member for three frequencies of vibration

s 2000 3000 4000
0.0 1.202 2.133 3.173
0.4 1.159 2.054 3.057
0.8 1.115 1.974 2.939
1.2 1.069 1.892 2.819
1.6 1.022 1.809 2.696
2.0 0.974 1.723 2.570
2.4 0.924 1.635 2.440
2.8 0.873 1.545 2.308
3.2 0.819 1.452 2.171
3.6 0.763 1.357 2.031
4.0 0.705 1.259 1.887
4.4 0.645 1.158 1.740
4.8 0.581 1.055 1.590
5.2 0.514 0.950 1.438
5.6 0.444 0.843 1.284
6.0 0.369 0.734 1.130
6.4 0.350 0.625 0.977
6.8 0.350 0.514 0.826
7.2 0.350 0.401 0.677
7.6 0.350 0.350 0.350
8.0 0.350 0.350 0.384
8.4 0.350 0.350 0.350
8.8 0.350 0.350 0.350
9.2 0.350 0.350 0.350
9.6 0.350 0.350 0.350
10.0 0.350 0.350 0.350
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Step 2. Integrate Eqs. (10) with boundary conditions
Eqgs. (13) using the method of the Appendix.

Step 3. Integrate Egs. (25) with boundary conditions
Eqs. (26) using the method of the Appendlx

Step 4. Evaluate AJ(s) and A¥(s) in Egs. (32) and (33),
respectively. If ¢:(s) = 0 at some grid points and is strictly

negative at either of the adjacent grid points, then ¢.(s)
is treated as if it were strictly negative in Eqgs. (32) and
(33).

Step 5. Evaluate the integrals for I,s, Iys, and Iyy in
Eqgs. (36-38), respectively.

Step 6. Examine the error z(ss), and choose 8 and dP.

Step 7. Compute dP? — [Bzo(ss)1?/Iyy. If this quantity
is negative, replace g by

£ = [dPyy/20*(s5) |'?

Step 8. Evaluate du(s) in Eqgs. (35) and compute the new
estimate

ul(s) = u’(s) + duls)

Step 9. Every few (10 to 20) iterations, completely
neglect the constraints, Eqs. (2) (i.e., assume all ¢; < 0) and
compute a du(s) with dP very small.

Step 10. Check the constraints, Eqs. (2), using ul(s). If
¢i(s) > 0 for any 7 and s, adjust w:'(s) so that ¢:(s) =

Step 11. If ;5 — I4s%/1yy is sufficiently near zero and no
appreciable change in u(s) is obtained, the iterative process
is terminated. Otherwise, let ul(s) play the role of 4%(s)
and return to step 2.

This iterative process has given good results when used by
an optimizer with only a moderate amount of experience.
Some experience is helpful in the choice of dP and 8. In the
problem treated here, 8 = 1 was used and dP was reduced
as the gradient of the process I ;; — Iys?/I 4y converged toward
zero. A more detailed discussion is given in the following
section.

The qualification in step 4 of the iterative process is in-
serted to counteract a difficulty introduced by the method
of handling inequality constraints, Eqs. (2). Without this
qualification, if ¢:(s,u) = 0 in any iteration, then ¢:(s,u) = 0
for all successive iterations. It may happen that early in
the iterative process, while the terminal error is being re-
duced, ¢.(s,u) = 0 may occur. After the terminal error is
driven toward zero, however, the design variable should theo-
retically be adjusted so that ¢:(s,u) < 0 may occur. Without
the qualification in step 4, this is impossible.

Results

The geometry of the cross section used for this study was
circular. However, any cross section could have been used
simply by changing the constant a.

Typical materials that might be used for aircraft structures
are aluminum and steel. Results for each of these materials
are given in Tables 1 and 2. The design variable u(s) shows
the mass distribution characteristic for the minimum weight
portal frame whose frequency of vibration must be equal to
or greater than a specified value along with satisfying certain
strength requirements. It can be seen from Fig. 2 that a
significant material saving is possible in comparison to the
portal frame with members of constant cross section.

Table 2 Comparison of optimal frames

Weight of Weight of Percent
Fre- uniform optimal weight
quency, frame frame reduction
rad/sec Al Steel Al Steel Al Steel

2000 3.748 10.750 1.639 4.434 56.279, 58.75%
3000 8.434 24.187 2.504 6.828 70.319, 71.77%
4000 14.994 a 3.487 @ 76.74% a

e See comment in Conclusions Sec.
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\
Fig. 2 Profiles of optimal and

uniform frames for Aluminum

at 3000 rad/sec. | . r |‘

The inequality I(s) > I, was imposed as a strength con-
straint. It should be noted that the inequality strength
constraints prevents a zero cross section at any point along
the frame. To make a comparison of results for the various
materials realistic, I, was chosen for each material so that for
a given bending moment, the yield stress for each material
was attained if the cross section had the corresponding second
moment of inertia [, for that material. The values of I are
given, along with material properties in Table 3.

Because of the high-speed digital computer, an automatic
method had to be devised for selecting the step size dP and
the change in the terminal constraint dy at each iteration.
dy was set equal to —zw(ss). The step size dP is made up
of two parts. Thatis

dP = dP, + dP;,

where dP; will contribute the change that is necessary to drive
the terminal constraint function to zero. The second part
dP, will contribute an additional quantity which drives the
objective function to a minimum

dP, = dbeI.p‘p—ldxb
APy = (Lrs — LygTlyy U yn) AT

The first term in dPs is the gradient of the process squared.
The quantity AJ is the desired change at each iteration in
the cost funetion. The terminal constraint and the gradient
will approach zero as the solution approaches optimality.
Thus, dP; and dP, will approach zero. At each iteration dP
is not allowed to exceed a specified value, namely, one one-
hundredth of the volume of the uniform structure that has
the given natural frequency. If too large a dP is used, the
solution will diverge. A request for a small dP keeps the
solution stable and results in fairly fast convergence. How-
ever, if too small a dP is used, convergence is very slow.

An interesting side point is the speed of convergence. The
lower frequencies required approximately 25 iterations while
the higher frequencies were taking around 60 iterations.
It must be remembered, however, that over twice as much
material had to be taken away at the higher frequencies
since the required uniform cross section was used as the
estimated design variable. In order to reduce the number
of iterations at the higher frequencies, one could use a larger
step size or a better estimate of the design variable that
could be obtained from the lower frequencies. The latter of
the two is preferable.

In order to improve convergence properties at each itera-
tion, design variables on the constraint boundary (¢; = 0
for some 1) were monitored and only those points on the con-
straint boundary whose adjacent point was in the interior
of the constraint set were allowed to come off the constraint
boundary.

Another point of interest is the behavior of the terminal
constraint function ¢, the objective function J, and the dis-
tribution of mass during the iterative process when u° is
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Table 3 Material properties

Property Steel Aluminum
p lbs-sec?/in.t 7.4344 X 10~* 2.6163 X 104
o lbs/in.2 70,000 60,000
E lbs/in.? 29 X 10¢ 10.3 X 108
Ioin.4 0.008 0.009825
« dimensionless 0.08 0.08
ulin.2 (for 2000 rad /sec) 1.2485 1.2371
u®in.2 (for 3000 rad /sec) 2.8090 2.7835
u® in.? (for 4000 rad /sec) 4.9940 4.9484

chosen as

so that the uniform members do not have the desired natural
frequency when « > 2000 rad/see for a minimum J. During
the first few iterations the ¥ constraint is driven to zero and
remains there. The value of the gradient and J increase
about five percent until ¢ = 0. TFor the remaining iterations,
J approaches its optimum value while the gradient progres-
sively approaches zero. Also, during the first few iterations,
the first and third members approach their optimum shape
while the second member goes to the constraint boundary at
the middle of the beam. Then, for the remaining iterations,
the second member goes to the constraint boundary every-
where working outward from the middle of the beam while
the first and third members achieve their optimal shape
as shown in Fig. 2.

The initial conditions for the state and adjoint equations
were given in Eqs. (13) and (26). The lengths of each of the
frame members are ten inches and the values for the remaining
parameters are given in Table 3.

Conclusions

The multi-member optimal design problem considered in
this paper approaches the level of complexity encountered in
real-world structural design problems. The formulation of
this problem is direct in nature and indicates how more com-
plicated problems may be approached. Except for the
number of equations and unknowns involved, many member
structural design problems may be formulated just as the
three member problem considered here.

Although steepest-descent methods based on the work of
Bryson, Denham, and others*® can be used to solve optimal
design problems, the direct boundary-value approach pre-
sented here appears to be better suited to structural design
problems. The methods of Refs. 4 and 5 require that the
governing boundary-value problem be converted to an initial
value problem with additional variables and constraints.
These artificial features tend to complicate the computational
algorithm and slow convergence. Further, since in that
formulation parameters must be estimated that have little
physical significance, divergence can occur if poor initial
estimates are made. The boundary-value method presented
here has none. of these shortcomings. For a general treat-
ment of this method, the reader is referred to Ref. 6.

Since the steepest-descent algorithm converges to a frame
with minimum volume, the algorithm will converge to a
structure that vibrates at the required frequency but pos-
sibly at a higher mode if w > 4187 for aluminum and w >
3959 for steel. The fundamental frequency of this structure
may be below the level required so this structure is, in reality,
not admissible. For example, in the frame treated here for
steel with w > 4000 the method converges to a frame with
a symmetric mode of vibration (second mode) of the required
frequency. This difficulty has been overcome by a more
general method to be presented soon.?

The saving of material achieved using optimum designs
rather than designs employing uniform members is signifi-
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cant, as pointed out in the preceding section. It has been
the experience of the authors that the more complex the
structure, the greater the improvement obtained in resorting
to optimum, nonuniform members.

Finally, the constructive method presented here for solu-
tion of optimal structural design problems appears to be very
promising. The authors feel that it represents a step forward
in the important problem of finding practical ways of con-
structing optimal structural designs.! This method may be
used in a direct manner for optimal design of a system if
analysis of the behavior of that system can be efficiently
performed.

Results for the problem solved here were presented in Ref.
10. A computational error appeared in those calculations,
unfortunately, so the optimum frame presented here should
be regarded as a correction to those results.

Appendix: Integration of State and
Adjoint Equations

Equations (10-13) will be integrated using boundary-value
techniques. The method used will be to find functions z;(s)
and z:%(s) that satisfy specified initial conditions. Then a
linear combination is formed

29(8) = z5!(s) + v29%(s) (A1)
where v = constant to be determined. The boundary
condition zg(ss) = 0 will be used to give

2o(ss) = 0 = 2o'(s3) + v297(s5) (A2)
Solving for
v = —[29(83) /29%(s3) ] (A3)

When v has been determined from Eq. (A3), it is possible to
write the general equation.

zi(s) = z:Ms) + yz2(8),1=1,...,12 (A4)

The z:%(s) and z:2(s) may be found by using the following
procedure.

1) Integrate the first four equations in Egs. (10) on 0 <
s < s; to find 2;1(s), © = 1,2,3,4 using the initial conditions

211(0) = 0, 21(0) = 0, 2,1(0) = const, 2,1(0) = 0

The z:2(s), ¢ = 1,2,3,4 may be found by repeating the integra-
tion of the same equations using the initial conditions

212(0) = 0, 222(0) = 0, 232(0) = 0, 242(0) =1

2) In order to find the z;'(s) and 2:2(s), ¢ = 5,6,7,8, it is
necessary to perform four separate integrations on the re-
gion §; < s < sp in order to satisfy the condition z5(ss) = 0.

To determine the z:1(s), © = 5,6,7,8, it is'necessary to find
the four z;''(s) obtained from the integration of the second
set of four equations in Eqgs. (10) using the initial conditions

2(s)) = 0, 26M(s1) = 2'(s1), 2M(s1) = 25l(s), 2% (s)) = O

Repeat the integration of the same equations on 8; < 8 < 52
to find a set 2:'%(s), ¢ = 5,6,7,8, using the initial conditions

2513 (s1) = 0, 26%(s1) = 0, 27'%(s1) = 0, 2'(s1) = 1
Now form
251(s) = z5'(s) + v¥25'%(s)

where v* is a constant which is to be determined. Use 2;(s2)
= (0 to get

0 = z5'(sp) + v¥2512(s9)
or
7* = - [2511(32)/2512(82)]

The z:(s), ¢ = 5,6,7,8, are now found from the general
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equation
2:l(s) = z:t(s) + v*z12(s), ¢ = 5,6,7,8

In order to find the 2:2(s), ¢ = 5,6,7,8, it is necessary to
find a set of functions 2:2(s) by integrating the second set of
four equations in Eqgs. (10) on s < s < s, using the boundary
conditions

z2(s1) = 0, 2*1(81) = 222(s1), 221(s1) = 25%(s1), 26%(s1) = O

Repeat the integration, finding a set 2,22(s) using the initial
condition,

2t%(s1) = 0, 26(s1) = 0, 21”(s1) = 0, z%(sy) = 1

Now form zs2(s) = z521(s) + yT25**(s). Use the condition
25(s2) = 0 to find the constant

v = =2 (s0) /22 (s2) ]
This yields
2:2(8) = 2.24(s) + v1z:2(s), 1 = 5,6,7,8

3) The set of 2:'(s), ¢ = 9,10,11,12 may be found by
integrating the third set of four equations in Eqs. (10) using
the initial conditions

2ol(s2) = —a11(s1), 2101(82) = 26%(82), 2ul(s2) = 27'(sy)
2'(82) = +wp I:j‘; u2<3)d8] z'(s1) — 2d(s1)

Also the 2:2(s), © = 9,10,11,12 may be found by integrating
the same equations on s, < s < s; with the initial conditions

202(80) = —21%(s1), 210%(82) = 262(S2), 21u®(s2) = 22(sv)
ai(s) = + oo | [Tunls)ds | i) — 2
It is now possible to form the expression

z9(8) = 29'(s) + yze*(s)
Then

v o= —[29'(s3)/29%(s3) ]
With v determined, it is possible to go back and form the
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expressions
2i(8) = ziX(s) + vyz:¥s), 1= 1,2,...,12

In an analogous manner, the linear boundary-value problem
Eqgs. (25-26) may be solved. In integrating these equations,
however, it is noted that three conditions are given at s; and
only one condition at 0. Therefore, Eq. (25) is integrated
from s3 backward to 0, just as Eq. (10) was integrated forward
from 0.
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